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Abstract
We introduce two natural notions of multivariable Aluthge transforms (toral
and spherical), and study their basic properties. In the case of 2-variable
weighted shifts, we first prove that the toral Aluthge transform does not pre-
serve (joint) hyponormality, in sharp contrast with the 1-variable case. Second,
we identify a large class of 2-variable weighted shifts for which hyponormality
is preserved under both transforms. Third, we consider whether these Aluthge
transforms are norm-continuous. Fourth, we study how the Taylor and Taylor
essential spectra of 2-variable weighted shifts behave under the toral and spher-
ical Aluthge transforms; as a special case, we consider the Aluthge transforms
of the Drury-Arveson 2-shift. Finally, we briefly discuss the class of spheri-
cally quasinormal 2-variable weighted shifts, which are the fixed points for the
spherical Aluthge transform.
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1. Introduction
Over the last two decades, the Aluthge transform for bounded operators on
Hilbert space has attracted considerable attention. In this note, we set out
to extend the Aluthge transform to commuting n-tuples of bounded operators.
We identify two natural notions (toral and spherical) and study their basic
properties. We then focus on 2-variable weighted shifts, for which much can be
said.
Let H be a complex Hilbert space and let B(H) denote the algebra of
bounded linear operators on H. For T ∈ B(H), the polar decomposition of T is
T ≡ V |T |, where V is a partial isometry with ker V = kerT and |T | := √T ∗T .
The Aluthge transform of T is the operator T˜ := |T | 12 V |T | 12 [1]. This trans-
form was first considered by A. Aluthge, in an effort to study p-hyponormal
and log-hyponormal operators. Roughly speaking, the idea behind the Aluthge
transform is to convert an operator into another operator which shares with
the first one many spectral properties, but which is closer to being a normal
operator.
In recent years, the Aluthge transform has received substantial attention.
I.B. Jung, E. Ko and C. Pearcy proved in [40] that T has a nontrivial invariant
subspace if and only if T˜ does. (Since every normal operator has nontrivial
invariant subspaces, the Aluthge transform has a natural connection with the
2
invariant subspace problem.) In [41], I.B. Jung, E. Ko and C. Pearcy also
proved that T and T˜ have the same spectrum. Moreover, in [43] (resp. [44])
M.K. Kim and E. Ko (resp. F. Kimura) proved that T has property (β) if and
only if T˜ has property (β). Finally, T. Ando proved in [2] that
∥∥(T − λ)−1∥∥ ≥∥∥∥(T˜ − λ)−1∥∥∥ (λ /∈ σ(T )). (For additional results, see [9] and [50].)
For a unilateral weighted shift Wα ≡ shift(α0, α1, · · · ), the Aluthge trans-
form W˜α is also a unilateral weighted shift, given by
W˜α ≡ shift(√α0α1,√α1α2, · · · ) (see [45]). (1.1)
It is easy to see that Wα is hyponormal if and only if α0 ≤ α1 ≤ · · · . Thus,
by (1.1), if Wα is hyponormal, then the Aluthge transform W˜α of Wα is also
hyponormal. However, the converse is not true in general. For example,
if Wα ≡ shift
(
1
2 , 2,
1
2 , 2,
1
2 , 2, · · ·
)
, then Wα is clearly not hyponormal but the
Aluthge transform W˜α ≡ U+ is subnormal. (Here and in what follows, U+
denotes the (unweighted) unilateral shift.) In [45], S.H. Lee, W.Y. Lee and
the second-named author showed that for k ≥ 2, the Aluthge transform, when
acting on weighted shifts, need not preserve k-hyponormality. Finally, G. Exner
proved in [34] that the Aluthge transform of a subnormal weighted shift need
not be subnormal.
In this article, we introduce two Aluthge transforms of commuting pairs
of Hilbert space operators, with special emphasis on 2-variable weighted shifts
W(α,β) ≡ (T1, T2). Since a priori there are several possible notions, we discuss
two plausible definitions and their basic properties in Sections 3 and 4. Our
research will allow us to compare both definitions in terms of how well they
generalize the 1-variable notion. After discussing some basic properties of each
Aluthge transform, we proceed to study both transforms in the case of 2-variable
weighted shifts. We consider topics such as preservation of joint hyponormality,
norm continuity, and Taylor spectral behavior.
For i = 1, 2, we consider the polar decomposition Ti ≡ Vi |Ti|, and we let
T˜i := |Ti| 12Vi|Ti| 12 (i = 1, 2) (1.2)
denote the classical (1-variable) Aluthge transform. The toral Aluthge trans-
form of the pair (T1, T2) is ˜(T1, T2) := (T˜1, T˜2). For a 2-variable weighted shift
W(α,β) ≡ (T1, T2), we denote the toral Aluthge transform of W(α,β) by W˜(α,β).
As we will see in Proposition 3.2, the commutativity of W˜(α,β) does not
automatically follow from the commutativity of W(α,β); in fact, the necessary
and sufficient condition to preserve commutativity is
α(k1,k2+1)α(k1+1,k2+1) = α(k1+1,k2)α(k1,k2+2) (for all k1, k2 ≥ 0). (1.3)
Under this assumption, and in sharp contrast with the 1-variable situation,
it is possible to exhibit a commuting subnormal pair W(α,β) such that W˜(α,β) is
commuting and not hyponormal. As a matter of fact, in Theorem 3.11 we con-
struct a class of subnormal 2-variable weighted shifts W(α,β) whose cores are of
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tensor form, and for which the hyponormality of W˜(α,β) can be described entirely
by two parameters. As a result, we obtain a rather large class of subnormal
2-variable weighted shifts with non-hyponormal toral Aluthge transforms.
There is a second plausible definition of Aluthge transform, which uses a
joint polar decomposition. Assume that we have a decomposition of the form
(T1, T2) ≡ (V1P, V2P ) ,
where P :=
√
T ∗1 T1 + T
∗
2 T2. Now, let
̂(T1, T2) :=
(√
PV1
√
P,
√
PV2
√
P
)
, (1.4)
We refer to T̂ as the spherical Aluthge transform of T. Even though T̂1 =√
PV1
√
P is not the Aluthge transform of T1, we observe in Section 4 that
Q :=
√
V ∗1 V1 + V
∗
2 V2 is a (joint) partial isometry; for, PQ
2P = P 2, from which
it follows that Q is isometric on the range of P . We will prove in Section 4 that
this particular definition of the Aluthge transform preserves commutativity.
There is another useful aspect of the spherical Aluthge transform, which
we now mention. If we consider the fixed points of this transform acting on
2-variable weighted shifts, then we obtain an appropriate generalization of the
concept of quasinormality. Recall that a Hilbert space operator T is said to be
quasinormal if T commutes with the positive factor P in the polar decomposition
T ≡ V P ; equivalently, if V commutes with P . It follows easily that T is
quasinormal if and only if T = T˜ , that is, if and only if T is a fixed point for
the Aluthge transform. In Section 10, we prove that if a 2-variable weighted
shift W(α,β) = (T1, T2) satisfies W(α,β) =
(
T̂1, T̂2
)
, then T ∗1 T1 + T
∗
2 T2 is, up to
scalar multiple, a spherical isometry. It follows that we can then study some
properties of the spherical Aluthge transform using well known results about
spherical isometries.
In this paper, we also focus on the following three basic problems.
Problem 1.1. Let k ≥ 1 and assume that W(α,β) is k-hyponormal. Does it
follow that the toral Aluthge transform W˜(α,β) is k-hyponormal? What about
the case of the spherical Aluthge transform Ŵ(α,β)?
Problem 1.2. Is the toral Aluthge transform (S, T ) →
(
S˜, T˜
)
continuous in
the uniform topology? Similarly, does continuity hold for the spherical Aluthge
transform Ŵ(α,β)?
Problem 1.3. Does the Taylor spectrum (resp. Taylor essential spectrum) of
W˜(α,β) equal to that of W(α,β) ? What about the case of the spherical Aluthge
transform Ŵ(α,β)?
2. Notation and Preliminaries
2.1. Subnormality and k-hyponormality
We say that T ∈ B(H) is normal if T ∗T = TT ∗, quasinormal if T commutes
with T ∗T , subnormal if T = N |H, where N is normal and N(H) ⊆ H, and
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hyponormal if T ∗T ≥ TT ∗. For S, T ∈ B(H), let [S, T ] := ST − TS. We say
that an n-tuple T ≡ (T1, · · · , Tn) of operators on H is (jointly) hyponormal if
the operator matrix
[T∗,T] :=

[T ∗1 , T1] [T
∗
2 , T1] · · · [T ∗n , T1]
[T ∗1 , T2] [T
∗
2 , T2] · · · [T ∗n , T2]
...
...
. . .
...
[T ∗1 , Tn] [T
∗
2 , Tn] · · · [T ∗n , Tn]

is positive on the direct sum of n copies of H (cf. [4], [24]). For instance, if
n = 2,
[T∗,T] =
(
[T ∗1 , T1] [T
∗
2 , T1]
[T ∗1 , T2] [T
∗
2 , T2]
)
.
For k ≥ 1 T is k-hyponormal if (I, T, · · · , T k) is (jointly) hyponormal. The
Bram-Halmos characterization of subnormality ([10, III.1.9]) can be paraphrased
as follows: T is subnormal if and only if T is k-hyponormal for every k ≥ 1 ([24,
Proposition 1.9]). The n-tuple T ≡ (T1, T2, · · · , Tn) is said to be normal if T is
commuting and each Ti is normal, and T is subnormal if T is the restriction of
a normal n-tuple to a common invariant subspace. In particular, a commuting
pair T ≡ (T1, T2) is said to be k-hyponormal (k ≥ 1) [17] if
T(k) := (T1, T2, T
2
1 , T2T1, T
2
2 , · · · , T k1 , T2T k−11 , · · · , T k2 )
is hyponormal, or equivalently
[T(k)∗,T(k)] = ([(T q2 T
p
1 )
∗, Tm2 T
n
1 ])1≤n+m≤k
1≤p+q≤k
≥ 0.
Clearly, for T ∈ B(H) we have
normal⇒ quasinormal⇒ subnormal⇒ k-hyponormal⇒ hyponormal.
As one might expect, there is a version of the Bram-Halmos Theorem in several
variables, proved in [17]: a commuting pair which is k-hyponormal for every
k ≥ 1 is necessarily subnormal.
2.2. Unilateral weighted shifts
For α ≡ {αn}∞n=0 a bounded sequence of positive real numbers (called
weights), let Wα : ℓ
2(Z+)→ ℓ2(Z+) be the associated unilateral weighted shift,
defined by Wαen := αnen+1 (all n ≥ 0), where {en}∞n=0 is the canonical or-
thonormal basis in ℓ2(Z+). We will often write shift(α0, α1, · · · ) to denote the
weighted shiftWα with a weight sequence {αn}∞n=0. As usual, the (unweighted)
unilateral shift will be denoted by U+ := shift(1, 1, · · · ). The moments of Wα
are given by
γk ≡ γk(Wα) :=
{
1 if k = 0
α20α
2
1 · · ·α2k−1 if k > 0.
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2.3. 2-variable weighted shifts
Similarly, consider double-indexed positive bounded sequences αk, βk ∈
ℓ∞(Z2+), k ≡ (k1, k2) ∈ Z2+ := Z+ × Z+ and let ℓ2(Z2+) be the Hilbert space of
square-summable complex sequences indexed by Z2+.
We define the 2-variable weighted shift W(α,β) ≡ (T1, T2) by
T1ek := αkek+ε1 and T2ek := βkek+ε2 ,
where ε1 := (1, 0) and ε2 := (0, 1) (see Figure 1(i)). Clearly,
T1T2 = T2T1 ⇐⇒ αk+ε2βk = βk+ε1αk (all k ∈ Z2+). (2.1)
In an entirely similar way, one can define multivariable weighted shifts. Triv-
ially, a pair of unilateral weighted shifts Wσ and Wτ gives rise to a 2-variable
weighted shift W(α,β) ≡ T ≡ (T1, T2), if we let α(k1,k2) := σk1 and β(k1,k2) :=
τk2 (all k1, k2 ∈ Z+). In this case, W(α,β) is subnormal (resp. hyponormal) if
and only if T1 and T2 are as well; in fact, under the canonical identification of
ℓ2(Z2+) with ℓ
2(Z+)
⊗
ℓ2(Z+), we have T1 ∼= I
⊗
Wσ and T2 ∼= Wτ
⊗
I, and
W(α,β) is also doubly commuting. For this reason, we do not focus attention
on shifts of this type, and use them only when the above mentioned triviality is
desirable or needed.
(0, 0) (1, 0) (2, 0)
α00 α10 · · ·
α01 α11 · · ·
α02 α12 · · ·
T1
T2
(0, 1)
(0, 2)
β00
β01
..
.
β10 =
β00α01
α00
β11 =
β01α02
α01
..
.
.
..
...
(i) (ii) T˜1
T˜2
(0, 0) (1, 0) (2, 0)
√
α00α10
√
α10α20 · · ·
√
α01α11
√
α11α21 · · ·
√
α02α12
√
α12α22 · · ·
√
β00β01
√
β01β02
..
.
√
β00β01α02
α00
√
β01β02α03
α01
..
.
...
...
Figure 1: Weight diagram of a commutative 2-variable weighted shift W(α,β) ≡ (T1, T2) and
weight diagram of its toral Aluthge transform W˜(α,β) ≡ ˜(T1, T2) ≡ (T˜1, T˜2), respectively.
Observe that the commutativity of W˜(α,β) requires (1.3).
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2.4. Moments and subnormality
Given k ∈ Z2+, the moments of W(α,β) are
γk ≡ γk(W(α,β))
: =

1, if k1 = 0 and k2 = 0
α2(0,0) · · ·α2(k1−1,0), if k1 ≥ 1 and k2 = 0
β2(0,0) · · ·β2(0,k2−1), if k1 = 0 and k2 ≥ 1
α2(0,0) · · ·α2(k1−1,0)β2(k1,0) · · ·β2(k1,k2−1), if k1 ≥ 1 and k2 ≥ 1.
We remark that, due to the commutativity condition (2.1), γk can be computed
using any nondecreasing path from (0, 0) to (k1, k2).
We now recall a well known characterization of subnormality for multivari-
able weighted shifts [39], due to C. Berger (cf. [10, III.8.16]) and independently
established by Gellar and Wallen [36] in the 1-variable case: W(α,β) ≡ (T1, T2)
admits a commuting normal extension if and only if there is a probability mea-
sure µ (which we call the Berger measure ofW(α,β) defined on the 2-dimensional
rectangle R = [0, a1]× [0, a2] (where ai := ‖Ti‖2) such that
γk(W(α,β)) =
∫
R
tkdµ(s, t) :=
∫
R
sk1tk2dµ(s, t), for all k ∈ Z2+.
For i ≥ 1, we let Li :=
∨{ek1 : k1 ≥ i} denote the invariant subspace obtained
by removing the first i vectors in the canonical orthonormal basis of ℓ2(Z+); we
also let L := L1. In the 1-variable case, ifWα is subnormal with Berger measure
ξα, then the Berger measure ofWα|Li is dξα|Li(s) := s
i
γi(Wα)
dξα(s), whereWα|Li
means the restriction of Wα to Li. As above, U+ is the (unweighted) unilateral
shift, and for 0 < a < 1 we let Sa := shift(a, 1, 1, · · · ). Let δp denote the
point-mass probability measure with support the singleton set {p}. Observe
that U+ and Sa are subnormal, with Berger measures δ1 and (1− a2)δ0 + a2δ1,
respectively.
2.5. Taylor spectra
We conclude this section with some terminology needed to describe the
Taylor and Taylor essential spectra of commuting n-tuples of operators on a
Hilbert space. Let Λ ≡ Λn[e] be the complex exterior algebra on n generators
e1, . . . , en with identity e0 ≡ 1, multiplication denoted by ∧ (wedge product)
and complex coefficients, subject to the collapsing property ei ∧ ej + ej ∧ ei = 0
(1 ≤ i, j ≤ 1). If one declares {eI ≡ ei1 ∧ . . . ∧ eik : I ∈ {1, . . . , n}} to be an or-
thonormal basis, the exterior algebra becomes a Hilbert space with the canonical
inner product, i.e., 〈eI , eJ〉 := 0 if I 6= J , 〈eI , eJ〉 := 1 if I = J . It also admits
an orthogonal decomposition Λ = ⊕ni=0Λi with Λi ∧ Λk ⊂ Λi+k. Moreover,
dimΛk =
(
n
k
)
= n!k!(n−k)! . Let Ei : Λ → Λ denote the creation operator, given
by ξ 7−→ ei ∧ ξ (i = 1, · · · , n). We recall that E∗i Ej + EjE∗i = δij and Ei
is a partial isometry (all i, j = 1, · · · , n). Consider a Hilbert space H and set
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Λ (H) := ⊕ni=0H⊗C Λi. For a commuting n-tuple T ≡ (T1, . . . , Tn) of bounded
operators on H, define
DT : Λ (H)→ Λ (H) by DT (x⊗ ξ) =
n∑
i=1
Tix⊗ ei ∧ ξ.
Then DT ◦DT = 0, so RanDT ⊆ KerDT. This naturally leads to a cochain
complex, called the Koszul complex K(T,H) associated to T on H, as follows:
K(T,H) : 0 0→ H⊗∧0 D
0
T→ H⊗∧1 D
1
T→ · · · D
n−1
T→ H⊗∧n D
n
T
≡0→ 0,
where Di
T
denotes the restriction of DT to the subspace H⊗ ∧i. We define T
to be invertible in case its associated Koszul complex K(T,H) is exact. Thus,
we can define the Taylor spectrum σT (T) of T as follows:
σT (T)
:= {(λ1, · · · , λn) ∈ Cn : K ((T1 − λ1, . . . , Tn − λn) , H) is not invertible}.
J. L. Taylor showed that, if H 6= {0}, then σT (T) is a nonempty, compact
subset of the polydisc of multiradius r(T) := (r(T1), · · · , r(Tn)), where r(Ti) is
the spectral radius of Ti (i = 1, · · · , n) ([47], [48]). For additional facts about
this notion of joint spectrum, the reader is referred to [11], [12] and [15].
3. The Toral Aluthge Transform
We will now gather several well known auxiliary results which are needed
for the proofs of the main results of this section. We begin with a criterion for
the k-hyponormality (k ≥ 1) of 2-variable weighted shifts. But first we need to
describe concretely the toral Aluthge transform of a 2-variable weighted shift,
and the necessary and sufficient condition to guarantee its commutativity.
Lemma 3.1. Let W(α,β) ≡ (T1, T2) be a 2-variable weighted shift. Then
T˜1ek =
√
αkαk+ε1ek+ε1
and
T˜2ek =
√
βkβk+ε2ek+ε2
for all k ∈ Z2+.
Proof. Straightforward from (1.2).
In the following result we prove that the commutativity of
(
T˜1, T˜2
)
requires
a condition on the weight sequences.
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3.1. Commutativity of the toral Aluthge transform
Proposition 3.2. Let W(α,β) be a commuting 2-variable weighted shift, with
weight diagram given by Figure 1(i). Then
W˜(α,β) ≡
(
T˜1, T˜2
)
is commuting
⇐⇒ αk+ε2αk+ε1+ε2 = αk+ε1αk+2ε2 (3.1)
for all k ∈ Z2+.
Proof. Let k ∈ Z2+; by Lemma 3.1,
T˜2T˜1ek =
√
αkαk+ε1βk+ε1βk+ε1+ε2ek+ε1+ε2
=
√
(αkβk+ε1)αk+ε1βk+ε1+ε2ek+ε1+ε2
=
√
(βkαk+ε2)αk+ε1βk+ε1+ε2ek+ε1+ε2 (by 2.1)
=
√
βkαk+ε1(βk+ε2αk+2ε2)ek+ε1+ε2 (again by 2.1)
=
√
βkβk+ε2(αk+ε1αk+2ε2)ek+ε1+ε2 . (3.2)
On the other hand,
T˜1T˜2ek =
√
βkβk+ε2αk+ε2αk+ε1+ε2ek+ε1+ε2 . (3.3)
From (3.2) and (3.3) it follows that T˜1T˜2 = T˜2T˜1 if and only if
αk+ε2αk+ε1+ε2 = αk+ε1αk+2ε2 ,
as desired.
Remark 3.3. By Proposition 3.2 and the commutativity condition for W(α,β), it
is straightforward to prove that (3.1) is equivalent to
βk+ε1βk+ε1+ε2 = βk+ε2βk+2ε1 . (3.4)
for all k ∈ Z2+.
Lemma 3.4. ([17]) Let W(α,β) be a commuting 2-variable weighted shift. Then
the following are equivalent:
(i) W(α,β) is k-hyponormal;
(ii) Mu(k)
(
W(α,β)
)
:=
(
γu+(n,m)+(p,q)
(
W(α,β)
))
0≤n+m≤k
0≤p+q≤k
≥ 0 for all u ∈ Z2+.
We recall that Mi (resp. Nj) is the subspace of ℓ2(Z2+) spanned by the
canonical orthonormal basis associated to indices k = (k1, k2) with k1 ≥ 0 and
k2 ≥ i (resp. k1 ≥ j
and k2 ≥ 0). For simplicity, we write M = M1 and N = N1. The core
c(W(α,β)) ofW(α,β) is the restriction ofW(α,β) to the invariant subspaceM∩N .
A 2-variable weighted shift W(α,β) is said to be of tensor form if it is of the form
(I ⊗Wσ,Wτ ⊗ I) for suitable 1-variable weight sequences σ and τ . We also let
T C := {W(α,β) : c(W(α,β)) is of tensor form}.
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Proposition 3.5. (cf. [42]) Let W(α,β) ≡ (T1, T2) be a commuting 2-variable
weighted shift. Then, for a, b > 0 and k ≥ 1 we have
(T1, T2) is k-hyponormal⇐⇒ (aT1, bT2) is k-hyponormal.
3.2. Hyponormality is not preserved under the toral Aluthge transform
As we observed in the Introduction, the 1-variable Aluthge transform leaves
the class of hyponormal weighted shifts invariant. In this Subsection we
will show that the same is not true of the toral Aluthge transform acting on
2-variable weighted shifts. To see this, consider the commuting 2-variable
weighted shift W(α,β) given by Figure 2(ii). That is, W(α,β) has a symmetric
weight diagram, has a core of tensor form (with Berger measure ξ × ξ), and
with zero-th and first rows given by backward extensions of a weighted shift
whose Berger measure is ξ; we will denote those backward extensions by [x0, ξ]
and [a, ξ], respectively. Also, we denote by ω0, ω1, · · · the weight sequence as-
sociated with ξ. Since we wish to characterize the subnormality of W(α,β), we
assume that [x0, ξ] and [a, ξ] are subnormal, which requires that
1
s ∈ L1(ξ). Let
ρ :=
∫
1
sdξ(s) <∞. We recall the following result from [26].
(0, 0)
(i)
(1, 0) (2, 0) (3, 0)
x0 x1 x2 = ω1 ω2
a ω0 ω1 ω2
a
ω0
x1 ω0 ω1 ω2
a
ω0
x1 ω0 ω1 ω2
T1
T2
(0, 1)
(0, 2)
(0, 3)
y0
y1
y2 = τ1
...
a
y0
x0
τ0
τ1
...
a
y0ω0
x0x1
τ0
τ1
...
(0, 0)
(ii)
(1, 0) (2, 0) (3, 0)
x0 ω0 ω1 · · ·
a ω0 ω1 · · ·
a ω0 ω1 · · ·
· · · · · · · · ·
T1
x0
ω0
ω1
...
a
ω0
ω1
...
a
ω0
ω1
...
Figure 2: Weight diagram of a 2-variable weighted shift W(α,β) ≡ (T1, T2) with core of tensor
form and with commutative toral transform. Observe that x2 = ω1, x3 = ω2, · · · , y2 = τ1,
y3 = τ2, · · · , and τ0x1 = ω0y1 all follow from (3.1). Weight diagram of the 2-variable weighted
shift W(α,β) ≡ (T1, T2) in Subsection 3.2.
Lemma 3.6. (Subnormal backward extension of a 1-variable weighted shift
[26, Proposition 1.5]) Let T be a weighted shift whose restriction TL to L =
∨{e1, e2, · · · } is subnormal, with associated measure µL. Then T is subnormal
(with associated measure µ) if and only if
(i) 1t ∈ L1(µL)
(ii) α20 ≤ (
∥∥ 1
t
∥∥
L1(µL)
)−1
In this case, dµ(t) =
α20
t dµL(t) + (1 − α20
∥∥ 1
t
∥∥
L1(µL)
)dδ0(t). In particular, T is
never subnormal when µL({0}) > 0.
Thus, by Lemma 3.6, we must have x20ρ ≤ 1 and a2ρ ≤ 1. For the proof of
Lemma 3.9, we need to recall a few facts about 2-variable weighted shifts.
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Lemma 3.7. (cf. [27])
(i) Let µ and ν be two positive measures on a set X. We say that µ ≤ ν on
X, if µ(E) ≤ ν(E) for all Borel subset E ⊆ X; equivalently, µ ≤ ν if and only
if
∫
fdµ ≤ ∫ fdν for all f ∈ C(X) such that f ≥ 0 on X.
(ii) Let µ be a probability measure on X×Y , and assume that 1t ∈ L1(µ). The
extremal measure µext (which is also a probability measure) on X × Y is given
by dµext(s, t) := (1− δ0(t)) 1t‖ 1t ‖L1(µ) dµ(s, t).
(iii) Given a measure µ on X × Y , the marginal measure µX is given by
µX := µ ◦ π−1X , where πX : X × Y → X is the canonical projection onto X.
Thus, µX(E) = µ(E × Y ), for every E ⊆ X.
Lemma 3.8. ([26, Proposition 3.10]) (Subnormal backward extension of a 2-
variable weighted shift) Assume that W(α,β) is a commuting pair of hyponormal
operators, and that W(α,β)|M is subnormal with associated measure µM. Then,
W(α,β) is subnormal if and only if the following conditions hold:
(i) 1t ∈ L1(µM);
(ii) β200 ≤ (
∥∥ 1
t
∥∥
L1(µM)
)−1;
(iii) β200
∥∥ 1
t
∥∥
L1(µM)
(µM)Xext ≤ ξ0.
Moreover, if β200
∥∥ 1
t
∥∥
L1(µM)
= 1, then (µM)Xext = ξ0. In the case when W(α,β)
is subnormal, the Berger measure µ of W(α,β) is given by
dµ(s, t) = β200
∥∥∥∥1t
∥∥∥∥
L1(µM)
d(µM)ext(s, t)
+(dξ0(s)− β200
∥∥∥∥1t
∥∥∥∥
L1(µM)
d(µM)Xext(s))dδ0(t). (3.5)
In the rest of this section, we restrict attention to the 2-variable weighted
shift with weight diagram given as in Figure 2(ii).
Lemma 3.9. Let W(α,β) be a 2-variable weighted shift, let ρ :=
∫
1
sdξ(s) <∞,
and assume that x20ρ ≤ 1 and a2ρ ≤ 1. Then, W(α,β) is subnormal if and only
if x20ρ(2− a2ρ) ≤ 1.
Proof. Observe that the Berger measure of [x0, ξ] is ξx0 =
x20ξ
s +(1−x20ρ)δ0 and
similarly the Berger measure of [a, ξ] is ξa =
a2ξ
s + (1− a2ρ)δ0. The restriction
of W(α,β) to the subspace M is then µM = ξa × ξ, from which it follows at
once that (µM)Xext = ξa. Therefore, for the subnormality of W(α,β) we will
need x20ρξa ≤ ξx0 and this naturally leads to the condition x20ρ(2− a2ρ) ≤ 1, as
desired.
Lemma 3.10. The 2-variable weighted shift W˜(α,β) is hyponormal if and only
if |a− x0| ≤ ω1 − x0.
Proof. Since the restrictions of W˜(α,β) to the subspaces M and N are sub-
normal, Lemma 3.4 says that W˜(α,β) is hyponormal if and only if M(0,0)(1) ≡
11
M(0,0)(1)(W˜(α,β)) ≥ 0. Since
M(0,0)(1) =
(
ω0ω1 − x0ω0 aω0 − x0ω0
aω0 − x0ω0 ω0ω1 − x0ω0
)
,
it follows that W˜(α,β) is hyponormal if and only if |a − x0| ≤ ω1 − x0, as
desired.
We observe that if a ≥ x0, then |a− x0| ≤ ω1− x0 becomes a ≤ ω1, which is
always true. Thus, to build an example where the hyponormality of W˜(α,β) is
violated, we must necessarily assume that a < x0. Incidentally, this assumption
automatically leads to a2ρ ≤ x20ρ, so that the subnormality of W(α,β) is now
determined by the conditions x20ρ ≤ 1 and x20ρ(2 − a2ρ) ≤ 1. In short, an
example with the desired properties can be constructed once we guarantee the
following three conditions:
x20ρ ≤ 1 (3.6)
x20ρ(2− a2ρ) ≤ 1 (3.7)
x0 >
ω1 + a
2
. (3.8)
Notice that 2 − a2ρ < 2, so if we were to assume that x20ρ ≤ 12 then both
conditions (3.6) and (3.7) would be simultaneously satisfied. Moreover, if we
were to assume that x0 >
ω1
2 , then we could always find a < x0 such that
x0 >
ω1+a
2 . We can then focus on the following question:
Can we simultaneously guarantee x20ρ ≤ 12 and x20 > ω
2
1
4 ?
Alternatively, we need
ω21
4
< x20 ≤
1
2ρ
. (3.9)
Now, if
ω21
4 <
1
2ρ , then it would be possible to select x0 such that (3.9) is
satisfied. We have thus established the following result.
Theorem 3.11. Let W(α,β) be as above, and assume that
ω21ρ < 2.
Then: (i) W(α,β) is subnormal; and (ii) W˜(α,β) is not hyponormal.
We will now show that the condition in Theorem 3.11 holds for a large class
of 2-variable weighted shifts.
Example 3.12. Consider the case when the measure ξ is 2-atomic, that is,
ξ ≡ rδp + sδq, with r, s > 0, r + s = 1 and 0 < p < q. (Recall that 0 cannot be
in the support of ξ, because otherwise 1s /∈ L1(ξ).) We compute
ω21ρ =
rp2 + sq2
rp+ sq
(
r
p
+
s
q
) =
r + s( qp )
2
r + s qp
(r +
s
q
p
).
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Thus, without loss of generality we can always assume that p = 1, that is,
ω21ρ =
r + sq2
r + sq
(r +
s
q
).
A calculation using Mathematica [49] reveals that for 1 < q ≤ q˜ := 1/2 +√2 +
1
2 (
√
5 + 4
√
2) ≈ 3.546, we have r+sq2r+sq (r + sq ) < 2 for all r, s > 0 with r + s = 1.
As a matter of fact, there is a region R in the (s, q)-plane bounded by the graph
q = f(s) of a positive convex function f , such that ω21ρ < 2 precisely when
1 < q < f(s); R contains the rectangle [0, 1]× (1, q˜].
We have thus established the existence of subnormal 2-variable weighted
shifts W(α,β) with non-hyponormal toral Aluthge transforms.
4. The spherical Aluthge Transform
In this section, we study the second plausible definition of the multivariable
Aluthge transform, which we will denote, to avoid confusion, by ̂(T1, T2); this
corresponds to (1.4). We begin with the following elementary result.
Proposition 4.1. Assume that (T1, T2) ≡ (V1P, V2P ), where P = (T ∗1 T1 +
T ∗2 T2)
1/2, and let ̂(T1, T2) ≡ (T̂1, T̂2) := (
√
PV1
√
P ,
√
PV2
√
P ). Assume also
that (T1, T2) is commutative. Then
(i) (V1, V2) is a (joint) partial isometry; more precisely, V
∗
1 V1 + V
∗
2 V2 is the
projection onto ran P ;
(ii) ̂(T1, T2) is commutative on ran P , so in particular ̂(T1, T2) is commutative
whenever P is injective.
Proof. (i) An easy computation reveals that
P 2 = T ∗1 T1 + T
∗
2 T2 = (V1P )
∗(V1P ) + (V2P )∗(V2P ) = P (V ∗1 V1 + V
∗
2 V2)P,
and therefore (V ∗1 V1+V
∗
2 V2)|ran P is the identity operator on ran P , as desired.
To prove (ii), consider the product
T̂1T̂2 =
√
PV1
√
P
√
PV2
√
P =
√
PV1PV2
√
P .
Then
T̂1T̂2
√
P =
√
PT1T2 =
√
PT2T1 = (
√
PV2PV1
√
P )
√
P
= (
√
PV2
√
P )(
√
PV1
√
P )
√
P = T̂2T̂1
√
P .
It follows at once that T̂1T̂2 − T̂2T̂1 vanishes on ran P , as desired.
We now prove:
Proposition 4.2. Given a 2-variable weighted shift W(α,β) ≡ (T1, T2), let
Ŵ(α,β) be given by (1.4). Assume that W(α,β) is commutative. Then Ŵ(α,β) is
commutative.
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Proof. Straightforward from Proposition 4.1.
We briefly pause to describe how Ŵ(α,β) acts on the canonical orthonormal
basis vectors.
Lemma 4.3. Let W(α,β) ≡ (T1, T2) be a 2-variable weighted shift. Then
T̂1ek = αk
(α2
k+ǫ1
+ β2
k+ǫ1
)1/4
(α2
k
+ β2
k
)1/4
ek+ǫ1
and
T̂2ek = βk
(α2
k+ǫ2
+ β2
k+ǫ2
)1/4
(α2
k
+ β2
k
)1/4
ek+ǫ2
for all k ∈ Z2+.
Proof. Straightforward from (1.4).
(k1, k2)
(i)
(k1 + 1, k2)
1
a
c
T1
T2
(k1, k2 + 1)
(k1, k2 + 2)
(k1, k2 + 3)
1
b
d
a
bc
a
(0, 0)
(ii)
(1, 0) (2, 0) (3, 0)
α00 α10 α20 · · ·
α10 α20 α30 · · ·
α20 α30 α40 · · ·
· · · · · · · · ·
T1
β00
α10β00
α00
α20β00
α00
...
α10β00
α00
α20β00
α00
α30β00
α00
...
α20β00
α00
α30β00
α00
α40β00
α00
...
Figure 3: Weight diagram of the 2-variable weighted shift in Proposition 4.4 and weight
diagram of a commuting 2-variable weighted shift for which the toral and spherical Aluthge
transforms coincide, respectively.
We next have:
Proposition 4.4. Consider a 2-variable weighted shift W(α,β) ≡ (T1, T2), and
assume that W(α,β) is a commuting pair of hyponormal operators. Then so is
Ŵ(α,β).
Proof. We will establish that T̂2 is hyponormal. Fix a lattice point (k1, k2);
we would like to prove that β̂(k1,k2) ≤ β̂(k1,k2+1). Since the hyponormality of
a Hilbert space operator is invariant under multiplication by a nonzero scalar,
we can, without loss of generality, assume that α(k1,k2) = β(k1,k2) = 1. To
simplify the calculation, let a := α(k1,k2+1), b := β(k1,k2+1), c := α(k1,k2+2) and
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d := β(k1,k2+2). Thus, the weight diagram of (T1, T2) is now given as in Figure
3(i). Since T2 is hyponormal, we must necessarily have
a ≤ bc
a
(4.1)
in the first column of the weight diagram in Figure 3(i). Recall also the Cauchy-
Schwarz inequality a2b2 ≤ a4+b42 . Then
β̂4(k1,k2) =
a2 + b2
2
=
(a2 + b2)2
2(a2 + b2)
=
a4 + 2a2b2 + b4
2(a2 + b2)
≤ a
4 + b4
a2 + b2
≤ b
2c2 + b2d2
a2 + b2
(by (4.1) and the fact that b ≤ d)
= b2 · c
2 + d2
a2 + b2
≤ b4 · c
2 + d2
a2 + b2
= β̂4(k1,k2+1),
as desired.
We now present an example of a hyponormal 2-variable weighted shiftW(α,β)
for which W˜(α,β) is not hyponormal. While we have already encountered this
behavior (cf. Theorem 3.11), the simplicity of the following example warrants
special mention (aware as we are that the result is weaker than Theorem 3.11).
Moreover, this example shows that the spherical Aluthge transform Ŵ(α,β) may
be hyponormal even if W(α,β) is not.
Example 4.5. For 0 < x, y < 1, let W(α,β) be the 2-variable weighted shift in
Figure 2(ii), where ω0 = ω1 = ω2 = · · · := 1, x0 := x, a := y. Then
(i) W(α,β) is subnormal ⇐⇒ x ≤ s(y) :=
√
1
2−y2 ;
(ii) W(α,β) is hyponormal ⇐⇒ x ≤ h(y) :=
√
1+y2
2 ;
(iii) W˜(α,β) is hyponormal ⇐⇒ x ≤ CA(y) := 1+y2 ;
(iv) Ŵ(α,β) is hyponormal ⇐⇒ x ≤ PA(y) := 2(1+y
2−y4)
(1+
√
2)(1+y2)
(√
1+y2−y2
) .
Clearly, s(y) ≤ h(y) ≤ PA(y) and CA(y) < h(y) for all 0 < y < 1, while
CA(y) < s(y) on (0, q) and CA(y) > s(y) on (q, 1), where q ∼= 0.52138. Then
W(α,β) is hyponormal but W˜(α,β) is not hyponormal if 0 < CA(y) < x ≤ h(y),
and Ŵ(α,β) is hyponormal but W(α,β) is not hyponormal if 0 < h(y) < x ≤
PA(y).
5. 2-variable Weighted Shifts with Identical Aluthge Transforms
We shall now characterize the class ATS of commuting 2-variable weighted
shifts W(α,β) for which the toral and spherical Aluthge transforms agree, that
is, W˜(α,β) = Ŵ(α,β). Using Lemmas 3.1 and 4.3, it suffices to restrict attention
to the equalities
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√
αkαk+ε1 = αk
(α2
k+ǫ1
+ β2
k+ǫ1
)1/4
(α2
k
+ β2
k
)1/4
and √
βkβk+ε2 = βk
(α2
k+ǫ2
+ β2
k+ǫ2
)1/4
(α2
k
+ β2
k
)1/4
for all k ∈ Z2+. Thus, we easily see that W˜(α,β) = Ŵ(α,β) if and only if
α2
k+ε1(α
2
k
+ β2
k
) = α2
k
(α2
k+ǫ1 + β
2
k+ǫ1)
and
β2
k+ε2(α
2
k
+ β2
k
) = β2
k
(α2
k+ǫ2 + β
2
k+ǫ2)
for all k ∈ Z2+, which is equivalent to
αk+ε1βk = αkβk+ε1
and
βk+ε2αk = βkαk+ε2
for all k ∈ Z2+. If we now recall condition (2.1) for the commutativity ofW(α,β),
that is, αkβk+ǫ1 = βkαk+ǫ2 for all k ∈ Z2+, we see at once that W˜(α,β) = Ŵ(α,β)
if and only if αk+ǫ1 = αk+ǫ2 and βk+ǫ2 = βk+ǫ1 for all k ∈ Z2+. It follows
that the weight diagram for W(α,β) is completely determined by the zeroth row
and the weight β(0,0). For, referring to Figure 1(i), once we have α(0,0) and
α(1,0), we immediately get α(0,1)(= α(1,0)). With α(0,0) and α(0,1) known,
we use commutativity and β(0,0) to calculate β(1,0). Since β(0,1) = β(1,0) and
α(0,2) = α(1,1) = α(2,0), we can then calculate β(1,1) and β(2,0). A similar
reasoning yields all remaining αk’s and βk’s.
We will now show that, for the purpose of establishing the invariance of k-
hyponormality under the Aluthge transform for the class ATS , it is enough to
assume that β(0,0) = α(0,0). This is an immediate consequence of the following
well known result.
Lemma 5.1. Let T be a bounded linear operator on Hilbert space, and let T ≡
V P be its polar decomposition. Let a ≡ |a|eiθ be a complex number written
in polar form, and define Ta := aT . Then, the polar decomposition of Ta is
(eiθV )(|a|P ). As a consequence, T˜a = aT˜ .
Remark 5.2. By Lemma 5.1, to study the toral Aluthge transform of W(α,β) ≡
(T1, T2) ∈ ATS we can multiply T2 by the factor α(0,0)β(0,0) . This results in a new
2-variable weighted shift for which αk = βk for all k ∈ Z2+. This subclass of
ATS is the central subject of the next section. Observe that, while the natural
generalization of Lemma 5.1 is not true for the spherical Aluthge transform,
it is true when restricted to ATS , since both the toral and spherical Aluthge
transforms agree on this class.
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6. When is Hyponormality Invariant Under the Toral and Spherical
Aluthge Transforms?
In this section we identify a large class of 2-variable weighted shifts for
which the toral ans spherical Aluthge transforms do preserve hyponormality.
This is in some sense optimal, since we know that k-hyponormality (k ≥ 2)
is not preserved by the 1-variable Aluthge transform [45], as mentioned in the
Introduction. Since this class is actually a subclass of ATS (introduced in
Section 5), it follows at once that all the results we establish for the toral
Aluthge transform are also true for the spherical Aluthge transform.
We start with some definitions. Recall that the core c(W(α,β)) of W(α,β)
is the restriction of W(α,β) to the invariant subspace M∩N . W(α,β) is said
to be of tensor form if it is of the form (I ⊗Wσ ,Wτ ⊗ I) for some unilateral
weighted shifts Wσ and Wτ . Consider Θ (Wω) ≡ W(α,β) on ℓ2(Z2+) given by
the double-indexed weight sequences α(k1,k2) = β(k1,k2) := ωk1+k2 for k1, k2 ≥ 0.
It is clear that Θ (Wω) is a commuting pair, and we refer to it as a 2-variable
weighted shift with diagonal core [23]. This 2-variable weighted shift can be
represented by the weight diagram in Figure 4(i)). It is straightforward to
observe that the class of shifts of the form Θ (Wω) is simply AT S with the extra
condition β(0,0) = α(0,0). (For more on these shifts the reader is referred to [23]).
Now, we show that the k-hyponormality of Wω implies the k-hyponormality of
Θ (Wω). For this, we present a simple criterion to detect the k-hyponormality
of weighted shifts.
Lemma 6.1. ([14]) Let Wαei = αiei+1 (i ≥ 0) be a hyponormal weighted shift,
and let k ≥ 1. The following statements are equivalent:
(i) Wα is k-hyponormal;
(ii) The matrix
(([W ∗jα ,W
i
α]eu+j , eu+i))
k
i,j=1
is positive semi-definite for all u ≥ −1;
(iii) The Hankel matrix
H(k;u) (Wα) := (γu+i+j−2)k+1i,j=1
is positive semi-definite for all u ≥ 0.
6.1. Preservation of hyponormality
We then have:
Proposition 6.2. Consider Θ(Wω) ≡ (T1, T2) given by Figure 4(i). Then for
k ≥ 1
Wω is k-hyponormal if and only if Θ(Wω) is k-hyponormal.
17
(0, 0) (1, 0) (2, 0)
ω0 ω1 · · ·
ω1 ω2 · · ·
ω2 ω3 · · ·
T1
T2
(0, 1)
(0, 2)
ω0
ω1
.
..
ω1
ω2
.
..
ω1
ω2
(i) (ii) T˜1
T˜2
(0, 0) (1, 0) (2, 0)
√
ω0ω1
√
ω1ω2 · · ·
√
ω1ω2
√
ω2ω3 · · ·
√
ω2ω3
√
ω3ω4 · · ·
√
ω0ω1
√
ω1ω2
.
..
√
ω1ω2
√
ω2ω3
.
..
Figure 4: Weight diagram of a generic 2-variable weighted shift Θ (Wω) ≡ (T1, T2) and weight
diagram of the toral Aluthge transform Θ˜ (Wω) ≡ (T˜1, T˜2) of Θ (Wω), respectively.
Proof. (⇐=) This is clear from the construction of Θ (Wω) and Figure 4(i).
(=⇒) For k ≥ 1, we suppose that Wω is a k-hyponormal weighted shift. Then,
by Lemma 6.1, for all k1 ≥ 0, we have that the Hankel matrix
H(k;u) (Wω) := (γu+i+j−2 (Wω))k+1i,j=1 ≥ 0.
By Lemma 3.4, we can see that a 2-variable weighted shift W(α,β) is k-
hyponormal if and only if
Mu(k)
(
W(α,β)
)
= (γu+(m,n)+(p,q))0≤n+m≤k
0≤p+q≤k
≥ 0, (6.1)
for all u ≡ (u1, u2) ∈ Z2+. Thus, for Θ (Wω) k-hyponormal, it is enough to
show that Mu(k) ≥ 0 for all u ∈ Z2+. Observe that the moments associated
with Θ (Wω) are
γu(Θ (Wω)) = γu1+u2 (Wω) ≡ γu1+u2 (all u ∈ Z2+). (6.2)
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By a direct computation, we have
Mu(k) (Θ (Wω)) =
γu γu+ǫ1 γu+ǫ2 · · · γu+kǫ1 · · · γu+kǫ2
γu+ǫ1 γu+2ǫ1 γu+ǫ1+ǫ2 · · · γu+(k+1)ǫ1 · · · γu+ǫ1+kǫ2
γu+ǫ2 γu+ǫ1+ǫ2 γu+2ǫ2 · · · γu+kǫ1+ǫ2 · · · γu+(k+1)ǫ2
...
...
...
. . .
...
. . .
...
γu+kǫ1 γu+(k+1)ǫ1 γu+kǫ1+ǫ2 · · · γu+2kǫ1 · · · γu+kǫ1+kǫ2
...
...
...
. . .
...
. . .
...
γu+kǫ2 γu+ǫ1+kǫ2 γu+(k+1)ǫ2 · · · γu+kǫ1+kǫ2 · · · γu+2kǫ2

,
which by (6.2) equals
Ju(k) :=
γu1+u2 γu1+u2+1 · · · γu1+u2+k · · · γu1+u2+k
γu1+u2+1 γu1+u2+2 · · · γu1+u2+k+1 · · · γu1+u2+k+1
...
...
. . .
...
. . .
...
γu1+u2+k γu1+u2+k+1 · · · γu1+u2+2k · · · γu1+u2+2k
γu1+u2+k γu1+u2+k+1 · · · γu1+u2+2k · · · γu1+u2+2k
...
...
. . .
...
. . .
...
γu1+u2+k γu1+u2+u+1
. . . γu1+u2+2k
. . . γu1+u2+2k
γu1+u2+k γu1+u2+k+1 · · · γu1+u2+2k · · · γu1+u2+2k

.
For 1 ≤ i ≤ k + 1, we can observe that the(
i(i+ 1)
2
+ 1
)th
,
(
i(i+ 1)
2
+ 2
)th
, · · · ,
(
i(i+ 1)
2
+ (i + 1)
)th
rows and columns of Ju(k) are equal. Thus, a direct calculation (i.e., discarding
some redundant rows and columns in the matrix Ju(k)) shows that
Ju(k) ≥ 0 ⇐⇒ Lu(k) ≥ 0, (6.3)
where
Lu(k) :=

γu1+u2 (Wω) γu1+u2+1 (Wω) · · · γu1+u2+k (Wω)
γu1+u2+1 (Wω) γu1+u2+2 (Wω) · · · γu1+u2+k+1 (Wω)
...
...
. . .
...
γu1+u2+k (Wω) γu1+u2+k+1 (Wω) · · · γu1+u2+2k (Wω)
 .
Note that
L(u1,u2)(k) ≥ 0⇐⇒ H(k;u1 + u2) (Wω) ≥ 0. (6.4)
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Thus, if Wω is k-hyponormal then H(k;u) (Wω) ≥ 0 for all (u ≥ 0), which a
fortiori implies that Mu(k)
(
W(α,β)
) ≥ 0 for all u ∈ Z2+, as desired. The proof
is now complete.
Now we have the following result.
Theorem 6.3. Consider the 2-variable weighted shift Θ(Wω) ≡ (T1, T2) given
by Figure 4(i). Suppose that Θ(Wω) is hyponormal. Then, the toral Aluthge
transform Θ˜ (Wω) ≡ Θ
(
W˜ω
)
is also hyponormal.
In view of Lemma 5.1, we immediately get
Corollary 6.4. The conclusion of Theorem 6.3 holds in the class AT S .
Proof of Theorem 6.3. Since Θ (Wω) is hyponormal, by Proposition 6.2, Wω
is hyponormal. Thus, we have that for any integer n ≥ 0, ωn ≤ ωn+1 =⇒√
ωnωn+1 ≤ √ωn+1ωn+2, which implies that W˜ω is also hyponormal. By
Proposition 6.2, Θ˜ (Wω) is hyponormal, as desired.
Remark 6.5. (i) We construct an example Θ (Wω) such that Θ (Wω) is not hy-
ponormal, but the Aluthge transform Θ˜ (Wω) of Θ (Wω) is hyponormal. Con-
sider the unilateral weighted shift introduced in Section 1, that is, Wω ≡
shift
(
1
2 , 2,
1
2 , 2,
1
2 , 2, · · ·
)
. Wω is not hyponormal, but the Aluthge transform
W˜ω = U+ is subnormal. Thus, by Proposition 6.2, we have that Θ (Wω) is not
hyponormal, but Θ˜ (Wω) is hyponormal, as desired.
(ii) Using an argument entirely similar to that in (i) above, one can show that
2-hyponor-mality is not preserved by the toral or spherical Aluthge transform
(as in the single variable case).
We can easily observe that if W(α,β) is of tensor form, that is, (I⊗Wσ,Wτ ⊗
I), then its toral Aluthge transform W˜(α,β) is also of tensor form; however, the
spherical Aluthge transform W˜(α,β) is in general not of tensor form. In any
event, hyponormality is invariant under both Aluthge transforms when W(α,β)
is of tensor form. That the toral Aluthge transform preserves hyponormality for
these 2-variable weighted shifts is clear; we now establish invariance of hyponor-
mality for the spherical Aluthge transform. Recall first that, by Proposition
4.4, the spherical Aluthge transform is commuting.
Proposition 6.6. Let W(α,β) be a 2-variable weighted shift of tensor form (I ⊗
Wσ,Wτ ⊗ I), and assume that Wσ and Wτ are hyponormal. Then Ŵ(α,β) is
hyponormal.
Proof. Without loss of generality, we can assume that
Wσ ≡ shift(
√
x,
√
y, 1, · · · ) and Wτ ≡ shift(
√
a,
√
b, 1, · · · ),
with 0 < x < y < 1 and 0 < a < b < 1. Also, it is enough to focus on the
Six-Point Test at (0, 0) (cf. [13, Theorem 6.1], [26, Theorem 1.3]); that is, we
will check that M(0,0)(1)
(
Ŵ(α,β)
)
≥ 0.
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Observe that
M(0,0)(1)
(
Ŵ(α,β)
)
=

1 x
√
a+y
a+x a
√
b+x
a+x
x
√
a+y
a+x xy
√
a+1
a+x ax
√
b+y
a+x
a
√
b+x
a+x ax
√
b+y
a+x ab
√
x+1
a+x
 .
Thus, we obtain
M(0,0)(1)
(
Ŵ(α,β)
)
≥ 0⇐⇒ A ≥ 0,
where
A :=
 √a+ x x√a+ y a√b+ xx√a+ y xy√a+ 1 ax√b+ y
a
√
b + x ax
√
b + y ab
√
x+ 1
 .
Now modify the (2, 2) and (3, 3) entries of A and let
B :=
 √a+ x x√a+ y a√b+ xx√a+ y xy√a+ x ax√b+ y
a
√
b+ x ax
√
b+ y ab
√
a+ x
 .
A direct calculation using the Nested Determinant Test shows that A ≥ B and
that B ≥ 0. Thus, we have
M(0,0)(1)
(
Ŵ(α,β)
)
≥ 0,
so that Ŵ(α,β) is hyponormal, as desired.
Remark 6.7. One might be tempted to claim that subnormality is also preserved
by the toral and spherical Aluthge transforms, within the class of 2-variable
weighted shifts of tensor form. However, this is not the case. Indeed, in
[34] and [35], G. Exner considered the weighted shift Wσ with 3-atomic Berger
measure 13 (δ0+δ 12 +δ1) (studied in [25]) and proved that the Aluthge transform
of Wσ is not subnormal.
7. Continuity Properties of the Aluthge Transforms
We turn our attention to the continuity properties of the Aluthge transforms
of a commuting pair. The following result is well known. For a single operator
T ∈ B(H), the Aluthge transform map T → T˜ is (‖·‖ , ‖·‖)− continuous on
B(H) ([32]). We want to extend the result to multivariable case. First, we
define the operator norm of T ≡ (T1, T2) as
‖T‖ := max {‖T1‖ , ‖T2‖} . (7.1)
Theorem 7.1. The toral Aluthge transform map T→ T˜ is (‖·‖ , ‖·‖)− contin-
uous on B(H).
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Proof. Straightforward from the definition of ‖T‖.
We turn our attention to the continuity properties in B(H) for the spherical
Aluthge transform of a commuting pair. For this, we need a couple of auxil-
iary results, which can be proved by suitable adaptations of the results in [32,
Lemmas 2.1 and 2.2].
Lemma 7.2. Let T ≡ (T1, T2) ≡ (V1P, V2P ) be a pair of commuting operators,
written in joint polar decomposition form, where P =
√
T ∗1 T1 + T
∗
2 T2. For
n ∈ N and t > 0, let fn (t) :=
√
max
(
1
n , t
)
and let An := fn(T). Then:
(i) ‖An‖ ≤ max
(
n−
1
2 , ‖P‖ 12
)
;
(ii)
∥∥PA−1n ∥∥ ≤ ‖P‖ 12 ;
(iii)
∥∥∥An − P 12 ∥∥∥ ≤ n− 12 ;
(iv)
∥∥∥PA−1n − P 12 ∥∥∥ ≤ 14n− 12 ;
(v) For i = 1, 2,
∥∥∥AnTiA−1n − P 12ViP 12 ∥∥∥ ≤ 54n− 12 ‖Ti‖ 12 .
Lemma 7.3. Given R ≥ 1 and ǫ > 0, there are real polynomials p and q such
that for every commuting pair T ≡ (T1, T2) with ‖Ti‖ ≤ R (i = 1, 2), we have∥∥∥P 12ViP 12 − p (T ∗1 T1 + T ∗2 T2) Tiq (T ∗1 T1 + T ∗2 T2)∥∥∥ < ǫ.
In the statement below, ‖·‖ refers to the operator norm topology on B(H)2
(see 7.1).
Theorem 7.4. The spherical Aluthge transform
(T1, T2)→ ̂(T1, T2)
is (‖·‖ , ‖·‖)− continuous on B(H).
Proof. Observe first that ‖Vi‖ ≤ 1 for i = 1, 2, as follows from the inequality
‖ViPx‖2 = ‖Tix‖2 =< T ∗i Tix, x >≤< P 2x, x >= ‖Px‖2 .
The proof is now an easy consequence of the Proof of [32, Theorem 2.3], when
one uses Lemma 7.3 instead of [32, Lemma 2.2].
8. Spectral Properties of the Aluthge Transforms
In this section, we study whether the multivariable Aluthge transforms pre-
serve the Taylor spectrum and Taylor essential spectrum, when W(α,β) is in
the class T C of 2-variable weighted shifts with core of tensor form; this is a
large nontrivial class, which has been previously studied in [15–20], [24–28] and
[47–49].
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We begin by looking at the toral Aluthge transform. By Proposition 3.2
and Remark 3.3, we note that the weight diagram of W(α,β) is as in Figure 2(i),
provided the toral Aluthge transform is commutative. We first address the
Taylor spectrum.
Lemma 8.1. (i) ([11], [15]) Let H1 and H2 be Hilbert spaces, and let Ai ∈
B(H1), Ci ∈ B(H2) and Bi ∈ B(H1,H2), (i = 1, · · · , n) be such that(
A 0
B C
)
:=
((
A1 0
B1 C1
)
, . . . ,
(
An 0
Bn Cn
))
is commuting. Assume that A and
(
A 0
B C
)
are Taylor invertible. Then,
C is Taylor invertible. Furthermore, if A and C are Taylor invertible, then(
A 0
B C
)
is Taylor invertible.
(ii) ([16]) For A and B two commuting n-tuples of bounded operators on Hilbert
space, we have:
σT (I ⊗A,B⊗ I) = σT (A)× σT (B)
and
σTe(I ⊗A,B⊗ I) = σTe (A)× σT (B) ∪ σT (A)× σTe (B) .
To apply Lemma 8.1, we first let
Wω := shift (ω0, ω1, · · · ), Wτ := shift (τ0, τ1, · · · ),
Wω(0) := shift (x0, x1, ω1, ω2, · · · ), Wω(a) := shift (a, ω0, ω1, · · · ),
Wω(2) := shift
(
aω0x1 , ω0, ω1, · · ·
)
, I := diag (1, 1, · · · ),
D1 := diag
(
y0, a
y0
x0
, aω0y0x0x1 , a
ω0y0
x0x1
, · · ·
)
, and D2 := diag
(
x1τ0
ω0
, τ0, τ0, · · ·
)
,
where I is the identity matrix.
Theorem 8.2. Consider a commuting 2-variable weighted shiftW(α,β) ≡ (T1, T2)
with weight diagram given by Figure 2(i). Assume also that T1 and T2 are hy-
ponormal. Then
σT
(
W(α,β)
)
=
(‖Wω‖ · D× ‖Wτ‖ · D) and
σTe
(
W(α,β)
)
=
(‖Wω‖ · T× ‖Wτ‖ · D) ∪ (‖Wω‖ · D× ‖Wτ‖ · T) . (8.1)
Here D denotes the closure of the open unit disk D and T the unit circle.
Proof. We represent W(α,β) ≡ (T1, T2) by block matrices relative to the decom-
position
ℓ2(Z2+)
∼= ℓ2(Z+)⊗ ℓ2(Z+) ∼= (ℓ2(Z+)⊕ ℓ2(Z+))⊕ (ℓ2(Z+)⊕ · · · ). (8.2)
Then, we obtain
T1 ≡

Wω(0)
...
Wω(1)
...
· · · · · · · · ·
... R1
 and T2 ≡

0
...
D1 0
...
· · · · · · · · ·
D2
... R2
 ,
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where R1 :=
 Wω(2) Wω(2)
. . .
 and R2 :=

0
τ1I 0
τ2I 0
. . .
. . .
.
We first consider σT (W(α,β)) of W(α,β) ≡ (T1, T2). Note the following:
‖Wω‖ = ‖Wω(0)‖ = ‖Wω(1)‖ = ‖Wω(2)‖ and
‖Wτ‖ = ‖shift (τ1, τ2, · · · )‖ =
∥∥∥shift(ω0y0x0x1 , τ0, τ1, · · ·)∥∥∥ . (8.3)
Thus, by Lemma 8.1(i) and (8.3), we have
σT (T1, T2)
⊆ σT
((
Wω(0) 0
0 Wω(1)
)
,
(
0 0
D1 0
))
∪ σT (I ⊗Wω(2) ,Wτ ⊗ I)
⊆ σT (Wω(0) , 0) ∪ σT (Wω(1) , 0) ∪ σT (I ⊗Wω(2) ,Wτ ⊗ I)
=
(‖Wω‖ · D× {0}) ∪ (‖Wω‖ · D× ‖Wτ‖ · D) = ‖Wω‖ · D× ‖Wτ‖ · D
(8.4)
By Lemma 8.1(ii) and (8.3), we have
σT (I ⊗Wω(2) ,Wτ ⊗ I)
⊆ σT
((
Wω(0) 0
0 Wω(1)
)
,
(
0 0
D1 0
))
∪ σT (T1, T2)
⇒ σT (I ⊗Wω(2) ,Wτ ⊗ I)
⊆ σT (Wω(0) , 0) ∪ σT (Wω(1) , 0) ∪ σT (T1, T2)
⇒ ‖Wω‖ · D× ‖Wτ‖ · D ⊆ ‖Wω‖ · D× {0} ∪ σT (T1, T2)
⇒ (‖Wω‖ · D× ‖Wτ‖ · D) \ (‖Wω‖ · D× {0}) ⊆ σT (T1, T2).
(8.5)
Since the Taylor spectrum σT (T1, T2) is a closed set in C × C, by (10.1) and
(10.2), we can get
σT
(
W(α,β)
)
=
(‖Wω‖ · D× ‖Wτ‖ · D) . (8.6)
We next consider the Taylor essential spectrum σTe(T1, T2) ofW(α,β) ≡ (T1, T2).
Observe that Wω(2) is a compact perturbation of Wω(1) and Wω(0) . Also,
ω0y0
x0x1
I
and τ0I are compact perturbations of D1 and D2, respectively. Thus, we have
σTe(T1, T2) = σTe
(
I ⊗Wω(2) , shift
(
ω0y0
x0x1
, τ0, τ1, · · ·
)
⊗ I
)
. (8.7)
By Lemma 8.1(ii) and (8.3), we note
σTe
(
I ⊗Wω(2) , shift
(
ω0y0
x0x1
, τ0, τ1, · · ·
)
⊗ I
)
= σTe (Wω(2))× σT (Wτ ) ∪ σT (Wω(2))× σTe (Wτ )
=
(‖Wω‖ · T× ‖Wτ‖ · D) ∪ (‖Wω‖ · D× ‖Wτ‖ · T). (8.8)
Therefore, our proof is now complete.
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Theorem 8.3. (Case of toral Aluthge Transform) Consider a commuting 2-
variable weighted shift W(α,β) ≡ (T1, T2) with weight diagram given by Figure
2(i). Assume also that T1 and T2 are hyponormal. Then
σT
(
W˜(α,β)
)
=
(‖Wω‖ · D× ‖Wτ‖ · D)
and
σTe
(
W˜(α,β)
)
=
(‖Wω‖ · T× ‖Wτ‖ · D) ∪ (‖Wω‖ · D× ‖Wτ‖ · T) .
Proof. Since the structure of the weight diagram for W˜(α,β) ≡
(
T˜1, T˜2
)
is en-
tirely similar to that of W(α,β) ≡ (T1, T2), the results follows by imitating the
Proof of Theorem 8.2.
By the results of Theorems 8.2 and 8.3, we easily obtain the following result.
Corollary 8.4. Consider a commuting 2-variable weighted shiftW(α,β) ≡ (T1, T2)
with weight diagram given by Figure 2(i). Assume also that T1 and T2 are hy-
ponormal. Then
σT
(
W˜(α,β)
)
= σT
(
W(α,β)
)
and
σTe
(
W˜(α,β)
)
= σTe
(
W(α,β)
)
.
Remark 8.5. We note that the commutativity property is required to check
the Taylor spectrum (resp. Taylor essential spectrum) of W˜(α,β). Thus, if
W(α,β) ∈ T C, then W˜(α,β) is commuting.
(ii) By Corollary 8.4, we can see that the Taylor spectrum (resp. Taylor essential
spectrum) of W˜(α,β) equals that of W(α,β) when W(α,β) is commuting and T1
and T2 are hyponormal. Thus, Corollary 8.4 gives a partial solution to Problem
1.3.
We now turn our attention to the case of the spherical Aluthge Transform.
We need a preliminary result.
Proposition 8.6. Let W(α,β) ∈ T C, with core c(W(α,β)) = (I ⊗Wσ,Wτ ⊗ I).
Then Ŵ(α,β) ∈ T C if and only c(W(α,β)) = (rI ⊗ U+,Wτ ⊗ I) or c(W(α,β)) =
(I ⊗Wσ, U+ ⊗ sI) for some r, s > 0.
Proof. By Lemma 4.3, we recall that
T̂1ek = αk
(α2
k+ǫ1
+ β2
k+ǫ1
)1/4
(α2
k
+ β2
k
)1/4
ek+ǫ1 and T̂2ek = βk
(α2
k+ǫ2
+ β2
k+ǫ2
)1/4
(α2
k
+ β2
k
)1/4
ek+ǫ2
(8.9)
Since W(α,β) ∈ T C, and since Ŵ(α,β) leaves the subspace M∩N invariant,
it readily follows that the spherical Aluthge transform of c(W(α,β)) is c(Ŵ(α,β)).
As a result, we may assume, without loss of generality, that W(α,β) ≡ (I ⊗
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Wσ,Wτ ⊗ I), where Wσ and Wτ are unilateral weighted shifts. Now, by (8.9),
for all k ≡ (k1, k2) ∈ Z2+ we have
T̂1ek = T̂1ek+ǫ2 ⇐⇒
σ2k1+1 + τ
2
k2
σ2k1 + τ
2
k2
=
σ2k1+1 + τ
2
k2+1
σ2k1 + τ
2
k2+1
⇐⇒ T̂2ek = T̂1ek+ǫ1
⇐⇒ (τ2k2+1 − τ2k2) (σ2k1 − σ2k1+1)⇐⇒ τk2+1 = τk2 or σk1+1 = σk1 .
If there exists k2 ∈ Z+ such that τk2+1 6= τk2 , then for all k1 ∈ Z+ we must have
σk1+1 = σk1 ; that is, σk1 = σ0 for all k1. On the other hand, if τk2+1 = τk2 for
all k2 ∈ Z+, then τk2 = τ0 for all k2. This completes the proof.
We are now ready to state
Theorem 8.7. (Case of spherical Aluthge Transform) Let W(α,β) ≡ (T1, T2) ∈
T C be as in Proposition 8.6. Assume also that T1 and T2 are hyponormal.
Then
σT
(
Ŵ(α,β)
)
= σT
(
W(α,β)
)
and σTe
(
Ŵ(α,β)
)
= σTe
(
W(α,β)
)
.
Proof. By Proposition 8.6, without loss of generality we may assume
c
(
W(α,β)
) ≡ (rI ⊗ U+,Wτ ⊗ I) ,
for some r > 0. Recall that
T̂1ek = αk
(α2
k+ǫ1
+ β2
k+ǫ1
)1/4
(α2
k
+ β2
k
)1/4
ek+ǫ1 and T̂2ek = βk
(α2
k+ǫ2
+ β2
k+ǫ2
)1/4
(α2
k
+ β2
k
)1/4
ek+ǫ2.
(8.10)
By (8.10), we obtain
c
(
Ŵ(α,β)
)
≡ (rI ⊗ U+,Wτ ⊗ I) ◦ (I ⊗ U+,Wρ ⊗ I) ,
where Wρ ≡ shift
((
r2+τ21
r2+τ20
) 1
4
,
(
r2+τ22
r2+τ21
) 1
4
,
(
r2+τ23
r2+τ22
) 1
4
, · · ·
)
with ‖Wr‖ = 1 and
◦ denotes Schur product. Note that
shift
(
α̂(0,0), α̂(1,0), · · ·
)
= shift
(
α(0,0), α(1,0), · · ·
) ◦ shift((α2(1,0)+β2(1,0)
α2
(0,0)
+β2
(0,0)
) 1
4
,
(
α2(2,0)+β
2
(2,0)
α2
(1,0)
+β2
(1,0)
) 1
4
, · · ·
)
and
shift
(
β̂(0,0), β̂(1,0), · · ·
)
= shift
(
β(0,0), β(1,0), · · ·
) ◦ shift((α2(0,1)+β2(0,1)
α2
(0,0)
+β2
(0,0)
) 1
4
,
(
α2(0,2)+β
2
(0,2)
α2
(0,1)
+β2
(0,1)
) 1
4
, · · ·
)
.
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Since∥∥∥∥∥shift
((
α2(1,0)+β
2
(1,0)
α2
(0,0)
+β2
(0,0)
) 1
4
,
(
α2(2,0)+β
2
(2,0)
α2
(1,0)
+β2
(1,0)
) 1
4
,
(
α2(3,0)+β
2
(3,0)
α2
(2,0)
+β2
(2,0)
) 1
4
, · · ·
)∥∥∥∥∥
=
∥∥∥∥∥shift
((
α2(0,1)+β
2
(0,1)
α2
(0,0)
+β2
(0,0)
) 1
4
,
(
α2(0,2)+β
2
(0,2)
α2
(0,1)
+β2
(0,1)
) 1
4
,
(
α2(0,3)+β
2
(0,3)
α2
(0,2)
+β2
(0,2)
) 1
4
, · · ·
)∥∥∥∥∥ = 1,
we have∥∥shift (α̂(0,0), α̂(1,0), α̂(2,0), · · · )∥∥ = ∥∥shift (α(0,0), α(1,0), α(2,0), · · · )∥∥ (8.11)
and∥∥∥shift(β̂(0,0), β̂(1,0), β̂(2,0), · · ·)∥∥∥ = ∥∥shift (β(0,0), β(0,1), β(0,2), · · · )∥∥ . (8.12)
Thus, by the method used in the Proof of Theorem 8.2 we have
σT
(
Ŵ(α,β)
)
= σT
(
W(α,β)
)
.
Observe now that (8.11) and (8.12) also show that the weighted shifts associated
with 0-th row and the 0-th column of Ŵ(α,β) are compact perturbations of the
corresponding weighted shifts for W(α,β). As a result, it is straightforward to
conclude that
σTe
(
Ŵ(α,β)
)
= σTe
(
W(α,β)
)
.
This completes the proof of the theorem.
In view of Corollary 8.4, Remark 8.5 and Theorem 8.7, it is natural to
formulate the following
Conjecture 8.8. Let W(α,β) be a commuting 2-variable weighted shift, whose
toral and spherical Aluthge transforms are also commuting. Then W(α,β),
W˜(α,β) and Ŵ(α,β) all have the same Taylor spectrum and the same Taylor
essential spectrum.
9. Aluthge Transforms of the Drury-Arveson Shift
In this section we consider the Drury-Arveson 2-variable weighted shift DA,
whose weight sequences are given by
α(k1,k2) :=
√
k1 + 1
k1 + k2 + 1
(for all k1, k2 ≥ 0) (9.1)
β(k1,k2) := α(k2,k1) (for all k1, k2 ≥ 0). (9.2)
If we denote the successive rows of the weight diagram of DA by R1, R2, · · · ,
it is easy to see that R1 = A1, the (unweighted) unilateral shift, R2 = A2, the
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Bergman shift and, more generally, Rj = Aj , the Agler j-th shift (j ≥ 2); in
particular, all rows and columns are subnormal weighted shifts. For j ≥ 2, the
Berger measure of Aj is (j− 1)sj−2ds on the closed interval [0, 1], and therefore
all the Berger measures associated with rows 1, 2, 3, · · · are mutually absolutely
continuous, a necessary condition for the subnormality of DA. However, the
Berger measure of the first row (ds on [0, 1]) is not absolutely continuous with
respect to δ1 (which is the Berger measure of U+, the zeroth-row), and therefore
DA cannot be subnormal (by [27]). In fact, a stronger result is true: DA is
not jointly hyponormal, as a simple application of the Six-Point Test at (0, 0)
reveals.
It is also known that DA ≡ (T1, T2) is essentially normal; in fact, the com-
mutators [T ∗j , Ti] (i, j = 1, 2) are in the Schatten p-class for p > 2, as shown by
W.A. Arveson [3]. In the sequel, we prove compactness of the commutators us-
ing the homogeneous decomposition of ℓ2(Z2+); this will eventually help us prove
that the Aluthge transforms of DA are compact perturbations of DA. Let Pn
denote the finite dimensional vector space generated by the orthonormal basis
vectors e(n,0), e(n−1,1), · · · , e(0,n), it is easy to see that Pn is invariant under
the action of the self-commutators [T ∗i , Ti] and the cross-commutators [T
∗
j , Ti]
(i, j = 1, 2). A simple calculation reveals that
[T ∗1 , T1]e(0,k2) =
1
k2 + 1
e(0,k2)
[T ∗1 , T1]e(k1,k2) =
k2
(k1 + k2))(k1 + k2 + 1)
e(k1,k2),
so that in Pn we have ∥∥[T ∗1 , T1]e(k1,n−k1)∥∥ = n− k1n(n+ 1) .
It follows that the norm of [T ∗1 , T1] restricted to Pn is bounded by 1n+1 . Since
[T ∗1 , T1] is unitarily equivalent to the orthogonal direct sum of its restrictions to
the subspaces Pn, we easily conclude that [T ∗1 , T1] is compact. The calculation
for [T ∗2 , T2] is identical.
In terms of [T ∗2 , T1], one again computes first the action on a generic basis
vector in Pn, that is,
[T ∗2 , T1]e(n,0) = 0
[T ∗2 , T1]e(k1,n−k1) = −
1
n(n+ 1)
√
(k1 + 1)(n− k1)e(k1+1,n−k1−1) (k1 ≥ 1).
It follows that∥∥[T ∗2 , T1]e(k1,n−k1)∥∥ ≤ 1n(n+ 1)√(k1 + 1)(n− k1) ≤ 12n (0 ≤ k1 ≤ n).
As before, [T ∗2 , T1] is an orthogonal direct sum of its restrictions to the subspaces
Pn, so the previous estimate proves that [T ∗2 , T1] is compact. As a result, we
know that DA is essentially normal.
We will now study how much the Aluthge transforms of DA differ from DA.
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Theorem 9.1. (i) D˜A is a compact perturbation of DA.
(ii) D̂A is a compact perturbation of DA.
Proof. (i) We first note that the weight sequences α and β of DA satisfy (3.2);
that is, D˜A is commuting. Next, we observe that D˜A maps Pn into Pn+1 (cf.
Lemma 3.1), just as DA does. As a result the compactness of DA − D˜A will
be established once we prove that
∥∥∥(DA− D˜A)|Pn∥∥∥ tends to zero as n → ∞.
Toward this end, we calculate
(T1 − T˜1)e(k1,n−k1) = (α(k1,n−k1) −√α(k1,n−k1)α(k1+1,n−k1))e(k1+1,n−k1).
Without loss of generality, we focus instead on the expression
∆toral := (α(k1,n−k1))
4 − (√α(k1,n−k1)α(k1+1,n−k1))4;
With the aid of Mathematica [49], we obtain
|∆toral| =
∣∣(α(k1,n−k1))4 − (√α(k1,n−k1)α(k1+1,n−k1))4∣∣
=
(k1 + 1)(n− k1)
(n+ 1)2(n+ 2)
≤ 1
4(n+ 2)
.
Thus, limn→∞
∥∥∥(DA− D˜A)|Pn∥∥∥ = 0, and therefore DA− D˜A is compact.
(ii) As in (i) above, it suffices to prove that
∥∥∥(DA− D̂A)|Pn∥∥∥ tends to zero
as n→∞. Since
(T1 − T̂1)e(k1,n−k1)
= (α(k1,n−k1) − α(k1,n−k1)(
α2(k1+1,n−k1) + β
2
(k1+1,n−k1)
α2(k1,n−k1) + β
2
(k1,n−k1)
)1/4)e(k1+1,n−k1),
we can again focus on the expression
∆spherical := (α(k1,n−k1))
4 − (α(k1,n−k1)(
α2(k1+1,n−k1) + β
2
(k1+1,n−k1)
α2(k1,n−k1) + β
2
(k1,n−k1)
)1/4)4.
A computation using Mathematica [49] shows that
|∆spherical| = k1 + 1)(n− k1)(2n+ 1)
n2(n+ 1)2
≤ 2n+ 1
4n2
.
We thus conclude, as before, that DA− D̂A is compact.
Corollary 9.2. The 2-variable weighted shifts DA, D˜A and D̂A all share the
same Taylor spectral picture.
Proof. Since the Taylor essential spectrum and the Fredholm index are invari-
ant under compact perturbations (cf. [12], the result follows from the well
know spectral picture of DA; that is, σT (DA) = B¯2, σTe(DA) = ∂B
2, and
index DA = index D˜A = index D̂A. (Here B2 denotes the unit ball in C2, and
∂B2 its topological boundary.)
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Remark 9.3. It is an easy application of the Six-Point Test that neither D˜A nor
D̂A is jointly hyponormal.
10. Fixed Points of the Spherical Aluthge Transform:
Spherically Quasinormal Pairs
In this section we discuss the structure of 2-variable weighted shifts which
are fixed points for the spherical Aluthge transform. We believe this notion
provides the proper generalization of quasinormality to several variables. As
we noted in the Introduction, a Hilbert space operator T is quasinormal if and
only if T = T˜ . We use this as our point of departure for the 2-variable case.
Definition 10.1. A commuting pair T ≡ (T1, T2) is spherically quasinormal if
T̂ = T.
We now recall the class of spherically isometric commuting pairs of operators
([5], [6], [7], [33], [37], [38]).
Definition 10.2. A commuting n-tuple T ≡ (T1, · · · , Tn) is a spherical isome-
try if T ∗1 T1 + · · ·+ T ∗nTn = I.
In the literature, spherical quasinormality of a commuting n-tuple T ≡
(T1, · · · , Tn) is associated with the commutativity of each Ti with P 2. It is not
hard to prove that, for 2-variable weighted shifts, this is equivalent to requiring
that W(α,β) ≡ (T1, T2) be a fixed point of the spherical Aluthge transform, that
is, Ŵ(α,β) = W(α,β). A straightforward calculation shows that this is equiv-
alent to requiring that each Ui commutes with P . In particular, (U1, U2) is
commuting whenever (T1, T2) is commuting. Also, recall from Section 1 that a
commuting pair T is a spherical isometry if P 2 = I. Thus, in the case of spher-
ically quasinormal 2-variable weighted shifts, we always have U∗1U1+U
∗
2U2 = I.
In the following result, the key new ingredient is the equivalence of (i) and (ii).
As we noted in the Introduction, the operator Q :=
√
V ∗1 V1 + V
∗
2 V2 is a
(joint) partial isometry; for, PQ2P = P 2, from which it follows that Q is
isometric on the range of P . In the case when P is injective, we see that a
commuting pair T ≡ (T1, T2) ≡ (V1P, V2P ) is spherically quasinormal if and
only if each Ti commutes with P
2, and if and only if each Vi commutes with P
2
(i = 1, 2); in particular, (V1, V2) is commuting whenever (T1, T2) is commuting.
Observe also that when P is injective, we always have V ∗1 V1 + V
∗
2 V2 = I.
The proof of the following result is a straightforward application of Definition
10.2.
Lemma 10.3. A 2-variable weighted shift W(α,β) is a spherical isometry if and
only if
α2k + β
2
k = 1
for all k ∈ Z2+.
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Lemma 10.4. A 2-variable weighted shift T is spherically quasinormal if and
only if there exists C > 0 such that 1CT is a spherical isometry, that is, T
∗
1 T1+
T ∗2 T2 = I.
Proof. Assume that T ≡ (T1, T2) is commuting and spherically quasinormal.
Then T1 and T2 commute with P . We now consider the following
Claim: For all k ≡ (k1, k2) ∈ Z2+, α2k + β2k is constant.
For the proof of Claim, if we fix an orthonormal basis vector ek, then
T1ek = αkek+ε1 and T2ek := βkek+ε2 ,
where ε1 := (1, 0) and ε2 := (0, 1). We thus obtain
PT1ek = α(k1,k2)
√
α2(k1+1,k2) + β
2
(k1+1,k2)
and
T1Pek =
√
α2(k1,k2) + β
2
(k1,k2)
α(k1,k2).
It follows that √
α2(k1+1,k2) + β
2
(k1+1,k2)
=
√
α2(k1,k2) + β
2
(k1,k2)
. (10.1)
We also have
PT2ek = β(k1,k2)
√
α2(k1,k2+1) + β
2
(k1,k2+1)
and
T2Pek =
√
α2(k1,k2) + β
2
(k1,k2)
β(k1,k2).
Hence, we have√
α2(k1,k2+1) + β
2
(k1,k2+1)
=
√
α2(k1,k2) + β
2
(k1,k2)
. (10.2)
Therefore, by (10.1) and (10.2), for all k ≡ (k1, k2) ∈ Z2+, we obtain√
α2(k1,k2) + β
2
(k1,k2)
=
√
α2(k1+1,k2) + β
2
(k1+1,k2)
=
√
α2(k1,k2+1) + β
2
(k1,k2+1)
.
(10.3)
We have thus established the Claim.
It follows that C :=
√
α2(k1,k2) + β
2
(k1,k2)
is independent of k. As a result,
1
CT is a spherical isometry, as desired.
By the proof of Lemma 10.4, we remark that once the zero-th row of T1,
call it W0, is given, then the entire 2-variable weighted shift is fully determined.
We shall return to this in Subsection 10.1.
We now recall a result of A. Athavale.
Theorem 10.5. ([5]) A spherical isometry is always subnormal.
By Lemma 10.4, we immediately obtain
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Corollary 10.6. A spherically quasinormal 2-variable weighted shift is subnor-
mal.
We mention in passing two more significant features of spherical isometries.
Theorem 10.7. ([46]) Spherical isometries are hyporeflexive.
Theorem 10.8. ([33]) For every n ≥ 3 there exists a non-normal spherical
isometry T such that the polynomially convex hull of σT (T) is contained in the
unit sphere.
Remark 10.9. (i) A. Athavale and S. Poddar have recently proved that a com-
muting spherically quasinormal pair is always subnormal [6, Proposition2.1];
this provides a different proof of Corollary 10.6.
(ii) In a different direction, let QT(X) := T
∗
1XT1+T
∗
2XT2. By induction, it is
easy to prove that if T is spherically quasinormal, then Qn
T
(I) = (QT(I))
n (n ≥
0); by [8, Remark 4.6], T is subnormal.
10.1. Construction of spherical isometries
In the class of 2-variable weighted shifts, there is a simple description of
spherical isometries, in terms of the weight sequences α and β, which we now
present. Since spherical isometries are (jointly) subnormal, we know that the
zeroth-rowmust be subnormal. Start then with a subnormal unilateral weighted
shift, and denote its weights by (α(k,0))k=0,1,2,···. Using the identity
α2
k
+ β2
k
= 1 (k ∈ Z2+), (10.4)
and the above mentioned zeroth-row, we can compute β(k,0) for k = 0, 1, 2, · · · .
With these new values available, we can use the commutativity property (2.1)
to generate the values of α in the first row (see Figure 1); that is,
α(k,1) := α(k,0)β(k+1,0)/β(k,0).
We can now repeat the algorithm, and calculate the weights β(k,1) for k =
0, 1, 2, · · · , again using the identity (10.4). This is turn leads to the α weights
for the second row, and so on.
This simple construction of spherically isometric 2-variable weighted shifts
will allow us to study properties like recursiveness (tied to the existence of
finitely atomic Berger measures) and propagation of recursive relations. We
pursue these ideas in an upcoming manuscript.
Acknowledgments. Preliminary versions of some of the results in this paper
have been announced in [31]. Some of the calculations in this paper were
obtained using the software tool Mathematica [49].
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